We study a topological Abelian gauge theory that generalizes the Abelian Chern-Simons one, and that leads in a natural way to the Milnor's link invariant µ (1, 2, 3) when the classical action on-shell is calculated.
Wilson lines, the OS action yields the GLN of the lines, just as in the quantum case. This approach for obtaining LIs from classical field theories can be rigorously proven and generalized to situations where the symmetry group is other than the group of diffeomorphisms of the base manifold [10, 11] . Although we shall focus mainly in this classical approach, we shall also make some remarks about the "quantum method", which is the procedure usually employed to study the relation between LIs and topological theories.
II. THE ACTION AND THE LINK INVARIANT
The action that we shall study is given by
Here, A i µ (x) and a i µ (x) are two sets of independent Abelian gauge fields, labelled by Latin letters running from 1 to 3 (we use the summation convention of Einstein also for these "internal" indexes). The first two terms would correspond to the topological theory with non-semisimple gauge group of symmetry introduced in reference [4] . The last two terms in (1) involve the "currents" T µx γi and T
µx,νy γi
, with support on the three closed curves γ i
Under general coordinate transformations these objects behave as a vector-density and a bi-local vector density respectively. They obey the differential constraints
and the algebraic constraint [2] T (µx,νy) γ
(observe that to the action (1) only contributes the antisymmetric part (in µx, νy) of T
µx, νy γa
). The "loop coordinates" T µy γ and T µx, νy γ are the first members of an infinite sequence that arises when the path ordered exponential that defines the Wilson loop is expanded [2] . As we shall see, the presence of the second "loop-coordinate" T µx, νy γ is just what will lead us to obtain a LI beyond the GLN, which only depends on the first "loop-coordinate" T 
These equations are just the 0−th and first order contributions to the SU (2) Chern-Simons-Wong equations of motion that were studied in references [7, 9] . In that approach, the fields A i µ and a i µ correspond, respectively, to the first and 0 − th contributions of a perturbative expansion for the non-Abelian potential [7, 9] .
Since T µy γi is divergenceless, equation (8) is consistent. This reflects the invariance of the action under the gauge transformations
The consistency of equation (9) is more involved. Taking the divergence of both sides of this equation yields
Using the differential constraints (6) and the equation of motion (8), we obtain
is the GLN between the curves γ i and γ j . In the case where these curves do not intersect each other, equation (12) demands that
From this result we obtain that the theory is consistent whenever the curves are not linked in the sense of the GLN. This does not mean that the curves are equivalent to the trivial link (the unlink). For instance, the Borromean Rings are a well known set of three curves whose GLNs vanish, although they are indeed entangled [14] . There are more complex entanglement patterns associated with CS theory than those measured by the GLN. The consistency condition (13) is also related to a gauge symmetry of the theory. A direct calculation shows that the action (1) is invariant under the transformations
provided that the consistency condition (13) is fulfilled. Thus, we see that both sets of fields A i and a i must be Abelian gauge fields for the theory to be consistent. On the other hand, there is no need of introducing a metric in the manifold to construct the action, as can be easily verified. Hence, the theory is metric independent. Since it is also generally covariant, it is a topological theory, just like its cousins the Abelian and non-Abelian Chern-Simons theories. Hence, following references [7, 8, 9] , we conclude that the on-shell action S os of the theory should only depend on topological features of the curves appearing in the action, i.e., it should be a link invariant. Let us see how this happens.
The solution of equation (8) is given by
Equation (9) can also be integrated as easily as the former one, but in order to calculate S os it suffices to substitute the left hand side of (9) and expression (15) into (1). The result is then
Equation (16) corresponds to an analytical expression for the Milnor's Linking Coefficient µ(1, 2, 3) [13] . In [9] it was shown by explicit calculation that this expression, despite its appearance, is metric independent, as it should be. An interpretation of its geometrical meaning can be found in references [9, 12] .
A sketch of the interpretation of this result would be as follows: the first term in equation (16) measures how many times three arbitrary surfaces whose boundaries are the three curves of the theory (known as Seifert surfaces [14] ) intersect at a common point. The second term counts the oriented number of times that one of the curves crosses first the surface bounded by the second curve and then the surface bounded by the last one. The fact that expression (16) keeps memory of the order in which each curve flows through the surfaces attached to the other curves is what distinguishes this invariant from the GLN. This feature makes µ(1, 2, 3) a natural "next level" of complexity LI when compared to the GLN. Obviously, further developments along these lines might provide even more (and more interesting) link invariants.
To conclude let us briefly discuss the quantum formulation of the theory, within the Feynman path-integral framework. We consider the functional integral
It should be noticed that action (1) already depends on the "Wilson lines" γ i . This dependence is mandatory to preserve the Abelian gauge-invariance given by (10) and (14) . This contrasts with what occurs in the usual Abelian Chern-Simons theory and the non-Abelian one, where gauge invariance does not demand the coupling with external Wilson lines. Integrating out the fields A produces a functional "delta function"
that when substituted into (17) enforces the a fields to take their on-shell values given by (15) . Hence, the result is
where C is a constant and S os is the link invariant given in equation (16) .
In the preceding discussion we have ignored that, indeed, gauge invariance leads to infinities in the Feynman pathintegrals that should be properly handled. This can be done, for instance, by employing the Faddeev-Popov method [3] in the usual way. The result still is given by (19), as can be readily checked.
Summarizing, we have presented a topological model that "interpolates" between Abelian and Non-Abelian ChernSimons theory, in the sense that it leads to a link invariant that goes beyond the GLN yielded by the Abelian theory, but otherwise retaining the property of being an exactly soluble model, unlike the non-Abelian one. The link invariant so obtained corresponds to the Milnor linking coefficient µ (1, 2, 3) . 
